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Motivations
• General Relativity (GR) is very well tested in the solar system (light 

deflection, radio science experiments, ephemerides).

• But... still a lot of interest to perform test of General Relativity:

- theoretical problem: GR is not the ultimate theory of gravity: 
quantum theory of gravity, unification with other interactions

- cosmological problem: no direct detection of Dark Matter and Dark 
Energy ➙ alternative theory of gravity to explain cosmological 
observations 

• search for small deviations of GR (smaller than present constraint) or 
exploration of new situations
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Basic principles of GR
1) Equivalence Principle:

- very well tested (up to 10-13 with Eötwash experiments and with 
Lunar Laser Ranging)1

- more accurate measurement needed: alternative (string) theories 
predict violation smaller2 → MICROSCOPE accuracy 10-15

- Gravitation ⇔ space-time curvature (described by a metric        )

- free-falling masses follow geodesics of this metric and ideal clocks 
measure proper time 

2 T. Damour, A.M. Polyakov, Nucl. Phys B, 423/532,1994

1 C. Will, LRR, 9, 2006 
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the wire and g were not quite parallel because of the centripetal acceleration on the apparatus due
to the Earth’s rotation; the apparatus was rotated about the direction of the wire. In the Dicke
and Braginsky experiments, g was that of the Sun, and the rotation of the Earth provided the
modulation of the torque at a period of 24 hr (TEGP 2.4 (a) [281]). Beginning in the late 1980s,
numerous experiments were carried out primarily to search for a “fifth force” (see Section 2.3.1),
but their null results also constituted tests of WEP. In the “free-fall Galileo experiment” performed
at the University of Colorado, the relative free-fall acceleration of two bodies made of uranium and
copper was measured using a laser interferometric technique. The “Eöt-Wash” experiments car-
ried out at the University of Washington used a sophisticated torsion balance tray to compare the
accelerations of various materials toward local topography on Earth, movable laboratory masses,
the Sun and the galaxy [249, 19], and have reached levels of 3 × 10−13 [2]. The resulting upper
limits on η are summarized in Figure 1 (TEGP 14.1 [281]; for a bibliography of experiments up to
1991, see [107]).
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Figure 1: Selected tests of the weak equivalence principle, showing bounds on η, which measures
fractional difference in acceleration of different materials or bodies. The free-fall and Eöt-Wash
experiments were originally performed to search for a fifth force (green region, representing many
experiments). The blue band shows evolving bounds on η for gravitating bodies from lunar laser
ranging (LLR).

Living Reviews in Relativity
http://www.livingreviews.org/lrr-2006-3

gµν

ds2 = gµνdx
µdxν

C. Will, LRR, 9, 2006
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Basic principles of GR
1I) Field equations (determination of the metric):

- Einstein Equations: 

     space-time curvature (metric) ⇔ matter-energy content

- In the solar system: 
• sun modeled as a spherical source
• solution in isotropic coordinates

with ϕN the Newtonian potential

- important effects for space-mission:

• dynamics ≠ from Newton (ex.: advance of the perihelion)
• proper time (measured by ideal clocks) ≠ coordinate time
• coordinate time delay for light propagation (Range/Doppler)
• light deflection (VLBI)

Rµν − 1

2
Rgµν =

8πG

c4
Tµν

ds2 = (1 + 2φN + 2φ2
N + . . . )dt2 − (1− 2φN + . . . )d�x2
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“La Sapienza”, Via Eudossiana 16, I-00184, Roma, Italy
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According to general relativity, photons are deflected and delayed
by the curvature of space-time produced by any mass1–3. The
bending and delay are proportional to g 1 1, where the par-
ameter g is unity in general relativity but zero in the newtonian
model of gravity. The quantity g 2 1 measures the degree to
which gravity is not a purely geometric effect and is affected by
other fields; such fields may have strongly influenced the early
Universe, but would have now weakened so as to produce tiny—
but still detectable—effects. Several experiments have confirmed
to an accuracy of,0.1% the predictions for the deflection4,5 and
delay6 of photons produced by the Sun. Here we report a
measurement of the frequency shift of radio photons to and
from the Cassini spacecraft as they passed near the Sun. Our
result, g 5 1 1 (2.1 6 2.3) 3 1025, agrees with the predictions
of standard general relativity with a sensitivity that approaches
the level at which, theoretically, deviations are expected in some
cosmological models7,8.
Testing theories of gravity in the Solar System and with binary

pulsars has been pursued for a long time1,2, yet general relativity has
survived whereas most of its alternatives have been disproved. In
particular, the other main test—the anomalous advance of the
pericentre of an orbiting body, such as Mercury around the Sun—
has been found in agreement with Einstein’s prediction, with a
similar accuracy ,0.1%. In the past 20 yr there has been no
appreciable improvement. With the Cassini mission, this barrier
has now been largely overcome as far as g is concerned, but no
violations of general relativity have been detected.
The increase Dt produced by the gravitational field of the Sun

(withmassMS and radiusRS) in the time taken for light to travel the

round trip between the ground antenna and the spacecraft, at
distances r1 and r2 respectively from the Sun, is1:

Dt ¼ 2ð1þ gÞGMS

c3
ln

4r1r2
b2

! "
ð1Þ

where G is the gravitational constant, b (,, r1, r2) the impact
parameter and c the velocity of light. The motion of the spacecraft
and Earth produces a change in b and Dt, equivalent to a change in
distance, and hence a change in relative radial velocity. The
corresponding fractional frequency (y gr ¼ Dn/n) shift for a two-
way radio signal is9:

ygr ¼
dDt

dt
¼22ð1þ gÞGMS

c3b

db

dt
¼2ð1£ 1025sÞð1þ gÞ1

b

db

dt
ð2Þ

For a spacecraft much farther away from the Sun than the Earth,
db/dt is not very different from the Earth’s velocity vE ¼ 30 km s21.
In the Cassini solar conjunction the peak value of ygr is 6 £ 10210.
The Cassini experiment, exploiting the new observable ygr (refs 9,
10), was carried out between 6 June to 7 July 2002, when the
spacecraft was on its way to Saturn, around the time of a solar
conjunction (Fig. 1). The gravitational signal and the tracking
passes that provided useful data are shown in Fig. 2.

The main reason why the Doppler method has not been applied
before is the overwhelming noise contribution due to the solar
corona. The Cassini mission has overcome this hindrance with: (1)
high-frequency carrier waves in the Ka-band, in addition to the
X-band for standard operation; and (2) a multi-frequency link in
which three different phases are measured at the ground station11,12.
Two carriers at 7,175MHz (X-band) and 34,316MHz (Ka-band)
are transmitted from the ground; whereas, in addition to the
downlink carriers at 8,425MHz and 32,028MHz locked on board
to the X and the Ka signals respectively, a nearby Ka-band downlink
carrier coherent with the X-band uplink is also transmitted back.
This novel radio configuration uses dedicated and advanced instru-
mentation, both on board the spacecraft and at the ground antenna,
and allows a full cancellation of the solar plasma noise (see
Supplementary Fig. S1 for details)13–15. The resulting measurement
errors are four orders of magnitude smaller than the relativistic
signal in equation (2).

The new ground station DSS25 at the NASADeep Space Network
complex in Goldstone, California, has performed admirably, par-

Figure 1 Geometry of the 2002 Cassini solar conjunction. The graph shows Cassini’s
motion in the sky relative to the Sun, as a function of days from the 2002 solar

conjunction; coordinates are in solar radii. The conjunction—at which the spacecraft (at a

geocentric distance of 8.43 AU), the Sun and the Earth were almost aligned, in this order—
occurred on 21 June 2002, with a minimum impact parameter b min ¼ 1.6 R S, and no

occultation.

Figure 2 The gravitational signal. The two-way relativistic frequency shift y gr due to the
Sun and the available 18 passages, each lasting about 8 h, is shown. Unfortunately, no

data could be acquired for three days just before conjunction owing to a failure of the

ground transmitter; moreover, the tracking data acquired near closest approach were

particularly noisy. A much larger plasma noise was detected in some passes after

conjunction, and it was fully removed by the multi-link technique. Remarkably, during this

time period, SOHO observations revealed large coronal mass ejections traversing the

radio beam.
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PPN tests of GR
• Post-Newtonian Parametrization of the metric (famous γ and β).

• 30 years of precise experiments have constrained PN parameters very 
closely around GR

2 A. Fienga, Moriond Conference, 2011

1 B. Bertotti, L. Iess, P. Tortora, Nature, 425/374, 2003

γ − 1 = (2.1± 2.3)× 10−5 Doppler during a solar conjunction1

ds2 = (1 + 2φN + 2βφ2
N + . . . )dt2 − (1− 2γφN + . . . )d�x2
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PPN tests of GR
• Post-Newtonian Parametrization of the metric (famous γ and β).

• 30 years of precise experiments have constrained PN parameters very 
closely around GR

2 A. Fienga, Moriond Conference, 2011

1 B. Bertotti, L. Iess, P. Tortora, Nature, 425/374, 2003

γ − 1 = (2.1± 2.3)× 10−5 Doppler during a solar conjunction1

INPOP10a ephemerides 2β − 1 = (−4.1± 7.8)× 10−5

• Confirmed by many other experiments: VLBI (light deflection), Lunar 
Laser Ranging, Mars orbiters, ...

... and expected to be improved in the future (GAIA, BepiColombo 
around Mercury, ...)

ds2 = (1 + 2φN + 2βφ2
N + . . . )dt2 − (1− 2γφN + . . . )d�x2
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Is it necessary to go beyond ?
• More accurate constraints needed: theoretical models predict smaller 

PPN deviations: theory attracted towards GR1 or Chameleon2

• Extend PPN framework: not all theories can enter in the PPN 
framework !! 2 examples: Post-Einsteinian Gravity and MOND External 
Field Effect

- PEG theory3: phenomenology based on a quantum theory of gravity 
(1-loop correction) by considering a non-local Einstein field equation

- MOND External Field Effect (EFE)4: modification of the Newtonian 
potential due to the external field in which the solar system is 
embedded

• What are the effects of these theories on Range/Doppler signals ? Can 
they be observed ? Simulations performed directly from metric!

g00 = [g00]GR + 2δΦN (r)

grr = [grr]GR + 2δΦN (r)− 2δΦp(r)

φ =
GM

r
+

Q2

2
xixj

�
eiej −

1

3
δij

�

3 M.T. Jaekel, S. Reynaud, Class. and Quantum Grav. 22/2135, 2005
4 L. Blanchet, J. Novak, MNRAS, 2011

1 T. Damour, K. Nordvedt, Phys. Rev. D, 48/3436, 1993
2 J. Khoury, A. Weltman, Phys. Rev. D, 69/044026, 2004
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Idea of the work
• What is the impact of the gravitation theory on the radio-science 

measurement (for different space missions) ?

• New tool that performs Range/Doppler simulations from a specific 
space-time metric (GR, PPN or other alternative theories of gravity) 
and fits of the orbital initial conditions in GR

• Possible to have quick idea of the order of magnitude/signature of the 
gravitation theory on Range/Doppler signals

- order of magnitude of relativistic corrections

- order of magnitude of expected deviations induced by an hypothetical 
alternative theory

- correlations of these deviations with the initial conditions

• In this presentation: Cassini (between Jupiter and Saturn) in Post-
Einsteinian Gravity1 (PEG) or with “MOND” External Field Effect 2

1 M.T. Jaekel, S. Reynaud, Class. and Quantum Grav. 22/2135, 2005
2 L. Blanchet, J. Novak, MNRAS, 2011
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Covariant Range/Doppler
• Range is related to propagation time: 

difference between receptor proper time 
and emitter proper time

• Doppler is proper frequency shift between 
emission and reception

• These definitions are covariant: do not 
depend on the coordinates system

Two-ways 
signal

τe, νe τr, νr

R(τr) = τr − τe

D(τe) =
νr
νe

• Simulations: orbit of spacecraft/planets, clock behavior, light 
propagation directly from space-time metric

• Comparison with GR: fit of the initial conditions needed

- to avoid effects due to the choice of coordinates

- this fit is always performed in practice
8
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Example 1: PPN effects on Cassini

• Cassini Range/Doppler simulations with γ-1=10-5.

• Modification of the metric

• Fit of the initial conditions of Cassini in GR

Range Difference PEG - GR Doppler Difference PEG - GR

grr = [grr]GR − 2(γ − 1)
GM

rc2

Post fit Pre fit Pre fit

Post fit
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Example 2: PEG effects on Cassini

Range Difference PEG - GR Doppler Difference PEG - GR

Pre fit Pre fit
Post fit

Post fit

• Alternative theory: PEG in the second sector1:
with 

• Cassini Range/Doppler simulations with χ1=10-23 m-1.

• Fit of Cassini initial conditions in GR

grr = [grr]GR − 2δΦp(r)

δΦp(r) =
�

i

χir
i

1 M.T. Jaekel, S. Reynaud, Class. and Quantum Grav. 22/2135, 2005
   M.T. Jaekel, S. Reynaud, Class. and Quantum Grav. 23/777, 2006
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Example: 3 PEG parameters
• Cassini Doppler simulations with χ1, χ2, δγ = γ-1

• Modification of the metric

• Maximum of the residuals for different values of PEG parameters

• Comparison with Cassini precision (~ 10-14 on Doppler) gives 
constraints on parameters: χ1 ~ 10-23m-1, χ2 ~ 2 10-33m-2, γ-1~3 10-5 

(similar to Bertotti et al1).

grr = [grr]GR − 2χ1r − 2χ2r
2 − 2δγ

GM

c2r
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1 B. Bertotti, L. Iess, P. Tortora, Nature, 425/374, 2003
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Example: MOND field
• The dominant effect (External Field Effect) of MOND around Sun is a 

quadrupole1 

    with 2.1 10-27 s-2 ≤ Q2 ≤ 4.1 10-26 s-2 for different MOND function 

• Range/Doppler simulations and fit with upper bound on Q2

• Signals and residuals below Cassini accuracy: Cassini not useful to test 
MOND theory

1 L. Blanchet, J. Novak, MNRAS, 2011
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Conclusion
• Testing GR in the solar system is very challenging but very important:

    - search for small deviations (smaller than present PPN accuracy)
    - search for deviations in an extended framework

• Software that simulates Range/Doppler observables directly from the 
space-time metric

• We can answer the question: Can a particular alternative theory of 
gravity be seen in Range/Doppler measurements of a specific mission? 
What is the order of magnitude/signature of the signal ?

• As an example: PPN/PEG simulations were presented on Cassini 
spacecraft → constraint on PEG parameters derived

• Other Ex.: MOND theory signature on Cassini just too small to be 
detected with this arc.

Numerical simulations were made on the local computing resources (cluster URBM-SysDyn) at the University of Namur (FUNDP)
13



BACKUP SLIDES
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Strategy
1. Simulation of covariant Doppler/Range (alternative theory)

Metric gµν

Initial 
Conditions

Software:
- orbit integration
- clock model
- simu Range/Doppler

Simulated 
Range

Simulated 
Doppler
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Strategy
1. Simulation of covariant Doppler/Range (alternative theory)

Metric gµν

Initial 
Conditions

Software:
- orbit integration
- clock model
- simu Range/Doppler

Simulated 
Range

Simulated 
Doppler

2. Comparison with GR: fit of the initial conditions needed
- to avoid effects due to the choice of coordinates
- this fit is always done in practice

Simulated 
Range

Simulated 
Doppler

Software:
- fit of the initial 
conditions in GR

Value of initial 
conditions fitted

Residuals = signal 
difference due to 
alternative theory
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Range and Doppler from the metric

Metric gµν

Initial 
Conditions

Coordinate 
dependent orbit

Orbit 
determination 

(geodesic equation)
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Range and Doppler from the metric

Metric gµν

Initial 
Conditions

Coordinate 
dependent orbit

Evolution of 
proper time

Orbit 
determination 

(geodesic equation)

Clock behavior 

(proper time vs 
coordinate time)
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Range and Doppler from the metric

Metric gµν

Initial 
Conditions

Coordinate 
dependent orbit

Evolution of 
proper time

Covariant Range 
and Doppler

Orbit 
determination 

(geodesic equation)

Clock behavior 

(proper time vs 
coordinate time)

Propagation 
time(Synge World 
function formalism1)

1 P. Teyssandier, C. Le-Poncin-Lafitte, Class. and Quantum Grav. 25/145020, 2008
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Range and Doppler from the metric

Metric gµν

Initial 
Conditions

Coordinate 
dependent orbit

Evolution of 
proper time

Covariant Range 
and Doppler

Orbit 
determination 

(geodesic equation)

Clock behavior 

(proper time vs 
coordinate time)

Propagation 
time(Synge World 
function formalism1)

1 P. Teyssandier, C. Le-Poncin-Lafitte, Class. and Quantum Grav. 25/145020, 2008

• Comparison with GR: fit of the initial conditions needed
- to avoid effects due to the choice of coordinates
- this fit is always done in practice
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Software accuracy
• Two independent software developed (ROB-SYRTE and LKB): similar 

methods (except for the fit)

• Check between the two software: ~ 14 digits agreement (pretty good)

• Numerical accuracy of the whole process (simulation + fit): simulation 
in GR and fit of the initial conditions also in GR. Non-zero residuals 
are due to numerical errors. Ex. with Cassini:
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~ 1cm ~ 1nm/s
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Example of simulations + fit: PEG
• Alternative theory of gravity: Post-Einsteinian theory of Gravity1.

- from a phenomenological point of view: 2 functions are added to GR 
metric

- as an example, let’s take a series expansion of δΦN, δΦP.

- This extends PPN framework: 

• Simulations of Cassini spacecraft from 6 june 2002 (between Jupiter 
and Saturn)

- Simple model: Sun, Earth, Spacecraft

1 M.T. Jaekel, S. Reynaud, Class. and Quantum Grav. 22/2135, 2005
   M.T. Jaekel, S. Reynaud, Class. and Quantum Grav. 23/777, 2006

g00 = [g00]GR + 2δΦN (r)

grr = [grr]GR + 2δΦN (r)− 2δΦp(r)

δΦN (r) =
�

i

αir
i

δΦP (r) =
�

i

χir
i

γ − 1 = χ−1c
2/GM

β − 1 = α−2

�
c2/GM

�2

18



Perspectives

• perform a lot of simulations with different gravitation theories on 
different (future and past) space missions

Answer the question: can a particular deviation from GR be seen with 
a selected space mission ?

• include more effects to predict more subtle correlations: asteroid 
belt, planetary gravitational field, non-gravitational forces on 
spacecraft...

• extend the work to the another type of measurement done in the 
solar system: direction of light ray (VLBI)

Numerical simulations were made on the local computing resources (cluster URBM-SysDyn) at the University of Namur (FUNDP)
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