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Schematic diagram showing the distances out to which Gaia will contribute to our knowledge of the Galaxy.
Image: ESA
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Accuracy of astrometric observations VS year. Image : S. Klioner, Porto 2011
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The impact of General Relativity

Relativistic deflection by Solar
System planets : 10− 104µas

Relativistic light deflections in the Solar System

Gaia and Relativity 311

distance between the observer (on the Earth or space-borne somewhere in the Solar
System) is r. The deflector has a mass M and a radius R. To the first order in GM/c2

and by neglecting any departure from the spherical symmetry (the so-called monopole
deflection) the deflection angle is given by ,

δθ =
1 + γ

2

2GM

r c2

1

tan χ
2

, (3.1)

while the unit vector in the apparent direction is given by,

u = u0 +
1 + γ

2

2GM

c2

[1 + (u0 · r)/r]

b2
b . (3.2)

When the angular separation χ << 1, the deflection expression reduces to the classical
one with,

δθ =
1 + γ

2

4GM

c2 b
. (3.3)

Although one talks about light deflection or light bending, there is no way to measure
this effect directly since the initial direction is not known. By itself the deflection is not
an observable quantity and its mathematical expression is coordinate dependant. In fact
one has access to the proper direction in the observer frame, and only the variation of
this proper direction with time, due to varying geometry with respect to the Sun, is
accessible, which eventually permits determining the deflection itself. Relevant astromet-
ric signatures for solar system bodies are given in Table 1, both for the monopole and
quadrupole deflection to be considered later. Grazing rays are only meaningful for the
planets (all but Mercury which is not observable with Gaia) with a very large monopole
deflection by the Gaia standard. The modeling requirement at the level of 1 µas shows
that deflection by Jupiter must be included over a wide range of elongations, a non neg-
ligible computing effort, even with very optimized ephemeris access, given the number of
observations.

Table 1. Relativistic light deflection in the solar system. RA is the angular radius of body A.
The columns with δθ = 1µas give the planetary or solar elongation where the deflection reaches
that value.

Body Monopole Quadrupole

grazing χ grazing χ

mas δθ = 1 µas µas δθ = 1 µas

Sun 17,000 180◦

Mercury 0.083 0.15◦

Venus 0.49 4.5◦

Mars 0.12 0.4◦

Jupiter 16.3 90◦ 240 8 RJ

Saturn 5.8 17◦ 95 4 RS

Uranus 2.1 1.2◦ 8 2 RU

Neptune 2.5 0.9◦ 10 2 RN

3.1. The determination of space curvature

The deflection expression in Eq. (3.1) has been derived in the framework of the PPN
extension of the GR and includes γ as free parameter. As said earlier a single observation

Mignard,Klioner , Gaia : Relativistic modelling and testing, 2009
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General RElativistic Model (GREM)

Based on IAU reference
systems

s n σ k l,π

(1) aberration

(2) gravitational deflection

(3) coupling to finite distance

(4) parallax
General structure of the General RElativistic Model

(GREM). Image: S. Klioner, PRD 2003
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Relativistic Astrometric MODel
(RAMOD)

Based on a
measurement
protocol

local barycentric
observer u

¯̀= local line of
sight of the fiducial
observer u

General structure of the Relativistic Astrometric MODel
(RAMOD). Image: M. Crosta, Porto 2011

d¯̀k

dζ
+¯̀i ¯̀j

(
∂ihkj −

1

2
∂khij

)
+

1

2
¯̀k ¯̀i∂ih00−

1

2
∂kh00+O

(
h2
)

= 0
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How to relate their results?

General structure of the General RElativistic
Model (GREM). Image: S. Klioner, PRD 2003

General structure of the Relativistic Astrometric
MODel (RAMOD). Image: M. Crosta, Porto

2011

Previous studies : aberration (M. Crosta and A. Vecchiato
2010), geodesic equations (M. Crosta 2011)
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Time Transfer Functions (TTF)

Tr(xA, tB,xB) =
RAB
c

+

∞∑
n=1

Gn∆(n)
r (xA, tB,xB, gµν)

k̂xBi =
kxBi
kxB0

= −c ∂Tr
∂xiB

[
1− ∂Tr

∂tB

]−1
Le Poncin-Lafitte et al. 2004, Teyssandier & Le Poncin-Lafitte 2008; T. 2012.

∆r at any order in general static, spherically symmetric
space-times

without integrating the whole set of geodesic equations

well adapted to a ray emitted and observed at points both
at a finite distance xA et xB

definition of the astrometric observable within the
formalism (Bertone and Le Poncin-Lafitte 2012)
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RAB
c

+
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Gn∆(n)
r (xA, tB,xB, gµν)

k̂xBi =
kxBi
kxB0

= −c ∂Tr
∂xiB

[
1− ∂Tr

∂tB

]−1
Le Poncin-Lafitte et al. 2004, Teyssandier & Le Poncin-Lafitte 2008; T. 2012.

We propose to :

extract T and k̂i from GREM and RAMOD
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TTF formalism in closed form
(S. Bertone and C. Le Poncin Lafitte, Memorie SAI 2012)

Tr(xA, tB,xB) =
RAB
c

+
1

c
∆r(xA, tB,xB) +O(c−5)

(
k̂i

)
B
≈ N i

AB +
∂∆r

∂xiB
+N i

AB

∂∆r

∂x0B

∆r =
1

2
RAB

∫ 1

0

[
h
(2)
00 +

2

c
N i
ABh

(3)
0i +N i

ABN
j
ABh

(2)
ij

]
zα−(λ)

dλ
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TTF for a time-dependent metric
(S. Bertone et al., 2013)

PPN metric : h00 =
2G

c2

∑
P

MP

RP (t,x)
, h0i = −(1 + γ)h00β

i
P (t) , hij = δijγh00

RP = R
∗
PB − λ RAB(NAB − βP )

Tr(xA, tB ,xB) =
RAB

c
+ (γ + 1)

G

c2

∑
P

MP

[
1− βp(tC) ·NAB

]

× ln

[
RPA −RPA ·NAB − βp(tC) · (RPA −NABRPA)

RPB −RPB ·NAB − βp(tC) · (RPB −NABRPB)

]

(
k̂i

)
B

= −NiAB + (γ + 1)
G

c2

∑
P

MP

RABRPB

[
R2
PB

g2
P
− (RPB · gP )2

]
×
{
gPN

i
AB

[(
RPB ·NAB

)(
R

2
PB − RPARPB − RABRPB · βP (tC)

)
−R2

PBRABg
2
]
+ R

i
PBg

2
P

[
RPBRPA − R2

PB + RABRPB · gP
]

+β
i
P (tC)RPB

[
(RPA − RPB)(RPB ·NAB) + RPBRAB

]}

+(γ + 1)
G

c2

∑
P

MP
βiP (tC)−NiABβP (tC) ·NAB

RABgP
ln
gPRPB +RPB · gP
gPRPA +RPA · gP

+O(c
−4

) .

S. Bertone et al. TTF as tool to validate light propagation for space astrometry
June 07, 2013 Journées de la SF2A 12

/ 16



Astrometry in
Gaia’s age

The
astrometric
core solution

Relativistic
models for
light
propagation

A cross-check
procedure

Conclusions

TTF for a static metric

Static metric : h00 =
2G

c2

∑
P

MP

RP (t,x)
, h0i = 0 , hij = δij γ h00

RP = xγ − xP = RPB − λ RABNAB

Tr(xA, tB ,xB) =
RAB

c
+ (γ + 1)

G

c2

∑
P

MP ln

[
RPA −RPA ·NAB
RPB −RPB ·NAB

]

(
k̂i

)
B

= −NiAB + (γ + 1)
G

c2

∑
P

MP

RABRPB

[
R2
PB

g2
P
− (RPB ·NAB)2

]
×
{
N
i
AB

[(
RPB ·NAB

)(
R

2
PB − RPARPB

)
−R2

PBRAB

]
+ R

i
PB

[
RPBRPA − R2

PB + RABRPB ·NAB
]

+O(c
−4

) .
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GREM < − > TTF

T = tB − tA = ∆tAB

k̂i =
ki
k0

=
gijk

j + g0ik
0

g00k0 + g0iki

≈ − ẋ
i

c
− 2h00σ

i − (δij + σiσj)h0j

x(xB,σ,∆t) = xA

S. Klioner and S. Kopeikin 1992,
S. Klioner 2003

ẋi(t,x)

c
= σi +

∆ẋi(t,x)

c
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∆ẋi(t,x)

c
S. Bertone et al. TTF as tool to validate light propagation for space astrometry

June 07, 2013 Journées de la SF2A 14
/ 16



Astrometry in
Gaia’s age

The
astrometric
core solution

Relativistic
models for
light
propagation

A cross-check
procedure

Conclusions

RAMOD < − > TTF

T = tB − tA = ∆tAB

¯̀i = − ki

u0k0

F. de Felice et al. 2004,
M. Crosta 2011

u0 ≡ cdt

dζ
=

1√−g00
=> c∆tAB ≈ ∆ζAB +

G

c2
∆t

(2)
AB(xA,xB,∆ζAB,xP )

¯̀i
B =

xiB − xiA
∆ζAB

+
G

c2
∆¯̀(xA,xB,∆ζAB,xP ) +O

(
Gc−3

)
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Conclusions

Conclusions

Absolute high-precision astrometry needs indipendent
verifications

More than one model of relativistic light propagation to
interpret experimental data

We propose a procedure to relate and understand them
using the TTF formalism

Perspectives

Development of a GSR-TTF
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